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INTRODUCTION  / ' 


\lThls  technical  memorandum  discusses  hydrodynamic  mass  and  presents 
a tabulation  of  several  hydrodynamic  mass  factors  and  equations  that 
pertain  to  bodies  under  transl at.i onal  motion  in  a fluid.'  This  material 
M is  beinp  submitted  to  the  American  Society  of  Mechanical.. Englaflars.  i or 
1 possible  publication  by  that  society. 
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A - area 

a,b,c,d,l  - dimensions  of  bodies 
e - distance  from  boundary  to  bottom  of  body 
F - f orce 

i,ti  - indices  used  in  tensor  notation 
k - wave  number 
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K - hydrodynamic  mass  factor 
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NOTATION,  Continued 


m - mess 

- hydrodynamic  mass 


m - virtual  mass 
v 


N - ratio  of  wing  area  to  area  of  body  section 
P~  density  of  fluid  in  which  the  body  is  immersed 
< p - velocity  potential 

- normalized  velocity  potential 
s - distance  from  free  surface  to  center  of  body 
n - direction  index 

V - LapLacian  operator  (lx  + ly  * l*) 
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When  the  forces  acting  on  a body  that  is  moving  at  constant  velo- 
city in  an  ideal  fluid  of  constant  density  are  integrated  over  the 
surface  of  the  body,  the  resultant  force  is  found  to  be  zero.  This 
is  commonly  referred  to  as  D'Alembert's  Paradox  because,  in  a real 
fluid,  a body  moving  at  constant  velocity  has  a resisting  force  whereas 
the  integration  results  imply  that  there  is  no  resisting  force. 


For  the  case  of  a body  moving  with  unsteady  motion,  the  resul- 
tant f orce  is  found  to  be: 


(1) 


By  introducing  the  normalized 
that,  the  force  F is  identical  with 


velocity  potential  , it  i;:  ;o<m 
that  induced  hy  a mass  of  fluid 
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added  to  that  of  the  body  and  equal  to: 

m»  “ '4 1£  9j  iA 


i*  1,2,3 
j * 1.2.3 


This  mass  is  commonly  referred  to  as  added  mass,  increased  inertia, 
or  hydrodynamic  mass.  The  sum  of  this  additional  mass  and  the  body 
mass  is  usually  called  the  virtual  mass.  In  this  memorandum,  hydro- 
dynamic  mass  is  identified  by  the  above  expression;  virtual  mass  is 
the  sum  of  body  mass  and  its  hydrodynamic  mass. 

The  hydrodynamic  mass  of  the  body  is  a second  order  tensor,  as 
shown  above.  Thus,  for  a body  having  six  degrees  of  freedom,  as 
shown  below,  the  hydrodynamic  mass  is  represented  by  a 6 x 6 matrix. 

The  subscripts  indicate  motion  along  or  around  3 orthogonal  axes. 
Subscripts  1 to  3 are  for  translation;  subscripts  4 to  6 are  for 
rotation. 


S'l6 

‘26 

‘36 

'46 

'56 


Reference  (b)  proves  that  mjj  = nij«.  Thus,  if  all  six  modes  of 
motion  are  considered,  21  terms  are  needed  to  completely  describe  the 
hydrodynamic  mass  of  a body  of  arbitrary  shape. 


The  process  of  integrating  equation  (2)  becomes  quite  complex 
ns  body  shapes  deviate  from  simple  shapes,  such  as  bodies  of  revo- 
lution or  two-dimensional  bodies.  *lso,  if  the  body  is  oscillating, 
the  computed  hydrodynamic  mass  is  valid  only  for  low  frequency  oscil- 
lations because,  in  the  analysis  from  which  the  hydrodynamic  mass 
expression  is  derived,  Laplace's  equation,  “0  » must  l>e 

satisfied.  A more  general  solution  would  satisfy  the  Halmholz 
equation,  (V*  tK£)<|>*0  , as  well  and  would  show  that  the  hydro- 

dynamic  mass  is  a function  of  frequency. 

w,spm«isb*stquu,i  nraMiKAM  , 
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If  the  body  is  near  a boundary,  the  hydrodynamic  mass  is  affected 
by  the  presence  of  the  boundary.  This  can  be  accounted  for  analytically 
by  the  image  method.  (An  image  on  the  other  side  of  the  boundary  is 
required  to  maintain  the  boundary  condition  such  x,hat  the  velocity 
normal  to  the  boundary  is  equal  to  zero.) 


BODIES  UNDER  TRANSLATIONAL  MOTION 

A full  evaluation  of  the  6x6  hydrodynamic  mass  matrix  is 
required  to  describe  the  motion  of  a body  moving  with  six  degrees  of 
freedom.  Many  of  the  practical  problems,  however,  are  concerned  with 
motion  in  one  direction  only. 

Upon  examination  of  the  technical  papers  and  literature  on  this 
subject  matter,  it  was  decided  that  it  would  be  worthwhile  to  consoli- 
date a certain  number  of  hydrodynamic  mass  calculations  and  to  present 
them  in  tabular  form  for  easy  reference.  See  Appendix  I. 

In  this  Appendix,  the  direction  of  translation  relative  to  the 
body,  the  corresponding  hydrodynamic  mass  and  the  information  source 
are  given  for  each  body  shown.  The  hydrodynamic  mass  is  shown  as  a 
constant  (the  hydrodynamic  mass  factor)  times  the  fluid  density  times 
a volume  (characteristic  of  the  body). 

It  should  be  kept  in  mind  that  the  force  due  to  the  hydrodynamic 
mass  is  not  the  only  force  acting  on  an  accelerating  body  because  of 
the  fluid;  a resistance  due  to  viscous  forces  will  also  be  present 
for  a body  accelerating  in  a real  fluid. 

Attention  is  again  invited  to  the  fact  that  the  mass  that  should 
be  used  to  compute  the  natural  frequency  of  an  immersed  body  is  the 
virtual  mass,  which  is  the  summation  of hydrodynamic  mass  and  body  mass. 
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A first  approximation  to  compute  the  force  F that  accelerates  a 
body  of  mass  m is;  ^ 

F = (m  t wh)  « 


where  s 


acceleration 


= hydrodynamic  mass  associated  with  the 
particular  direction  of  motion 
m = body  mass 


CONCLUSIONS  AND  RECOMMENDATIONS 

As  mentioned  in  the  previous  section,  all  21  significant  terms 
of  the  6x6  hydrodynamic  mass  matrix  must  be  determined  to  analyze 
the  motion  of  a body  with  6 degrees  of  freedom.  Work  of  this  nature 
is  being  performed  by  the  University  of  Rhode  Island  under  a contract 
with  Underwater  Sound  Laboratory. 

Extensive  experimentation  is  required  to  determine  the  hydro- 
dynamic mass  coefficients  for  various  bodies. 

The^  effect  of  frequency  of  oscillation  on  hydrodynamic  mass 
should  ffcylso  be  investigated. 

> 

/W  J.  HMin. 

KIRK  T.  PATTON 
Mechanical  Engineer 
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APPENDIX  I 


Section  Through  Body 


Hydrodynamic  Mas* 
per  Unit  Length 


Source 


ill 


Body  Shape 


Translational 

Direction  Hydrodynamic  Mass 


Source 


of  Area  of 


Body  Maxinun  Horizontal  Section. 


Body  Shape 


Ellipsoids  (continued) 


Direction  I Hydrodynamic  Mass  | Source 


a/b  K axial  K lateral 

8.01  .029  .945 

9.02  .024  .954 

9.97  .021  .960 

0 1.000 


Approximate  Method  for  Elongated  Bodies  of  Revolution. 

I 


“h  = *l/V*  Ke  [n-17.0(Cp-2/3)2+-2.49(M-l/2)2+.283  [(r0-l/2): 


where;  Kj  - Hydrodynamic  Mass  coefficient  for  axil  moti 

Ke  * Hydrodynamic  Mass  Coefficient  for  axil  moti 
of  an  ellipsoid  of  the  same  ratio  of  a/b 

■y  - Volume  of  body 

4 V 

Cp  - Prismatic  coefficient  = b*(2a) 

M - Nona imens ions 1 abscissa  corresponding 

to  maximum  ordinate 

r0,  r,  - Dimensionless  radii  of  curvature  at  nos 
and  tail 


ro  = (2«> 


Lateral 

Motion 


ri  = Rl  j2a) 


IMunk  has  shown  that 
the  hydrodynamic  mass 
of  an  elongated  body 
of  revolution  can  be 
reasonably  approxi- 
mated by  the  product 
of  the  density  of 
the  fluid,  the  vakune 
of  the  body  and  the 
k - factor  for  an 
ellipsoid  of  the 
same  a/b  ratio. 


Body  Shape 
Rectangular  Plataa 


Translational 

Direction 

Vertical 


Hydrodynamic  Maaa 


Source 
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